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Abstract
Following Levai, we apply a Natanzon-type supersymmetric analysis to the Maxwell sh-
eye wave problem at zero energy. Working in the so-called R
0
= 0 sector, we obtain the
corresponding superpartner (fermionic) sheye scattering potential within the standard one-
dimensional (radial) supersymmetric procedure.
1
There are two well-known analogies for the optical Maxwell sheye (MF) problem: the
classical mechanical one [1] and the hydrogen atom one [1, 2, 3]. The classical mechanical







; (r  R), is the motion of a











, [1]. In this paper we shall consider the MF wave/quantum problem at



























has been introduced for the potential part [4].
Demkov and Ostrovsky included the Maxwell sheye wave problem in a more general type
of focusing potentials [1] bearing their name and characterized by a parameter , which is just









i) the classical trajectories of a zero-energy (i.e., zero velocity at innity) particle close after k
2
revolutions around the force centre, and ii) all the trajectories passing through a given point
come to a focus after k
2
=2 revolutions.
The above wave equation can be written in the scaled variable  = r=R, (hereafter the energy























] () = 0: (2)
It is quite straightforward to solve the Sturm-Liouville problem, Eq.(2). Moreover, it can be
turned into an eigenvalue problem for the coupling constant, w, and also written as a Laplace
equation on the four-dimensional sphere [1]. The known results are the following. For w taking




  1, where n is the principal quantum number (see bellow), the





























, n = n
r
+ l + 1, n
r
= 0; 1; 2; :::, are the principal and radial quantum numbers,
respectively, l andm are the spherical harmonic numbers, C
q
p
() are the Gegenbauer polynomials,
i.e., the solutions of the corresponding ultraspherical equation (see Eqs. (7) and (8) bellow), and
N
nl
are the normalization constants. What one gets when the w parameter is made bigger and
bigger is an increase of the degeneracy of the \bound", E=0 state, but only for the quantized
values w
n
. The degree of degeneracy of such a group of states is n
2
, (n = 1,2,3...), similar to
the electron energy levels in a Coulomb eld.
Since we want to apply the generalized supersymmetric Natanzon scheme [5], as discussed for
















u = 0; (4)

















where we have already included supersymmetric superscripts. The functions u
nl













and the Gegenbauer polynomials, C
q
p
, of order p = n
r
and degree q = l + 1, are the solutions of














()C() = 0; (7)
with



















In Eq. (8.3), we emphasized the indexing of the R- functions according to the various sectors
p = n
r
(0,1,2,...), which is a well-known characteristic of orthogonal polynomials [6].



















































In the generalized Natanzon procedure the ground state is dened by the R
0
() = 0 sector,
within which the Gegenbauer polynomials are C
q
0

















(). One can recognize in Eq. (12) the standard Riccati equation in the
ordinary 1D supersymmetric quantum mechanics. Since we actually know from Eq. (6) the
function f
l
() in the MF case (one can check that Eq. (11) leads to the same function), a short












The eective MF superpartners in the R
0

































































These forms of the partner potentials are in agreement with the Darboux method of passing
from an `l-singularity' to an `l+1-singularity' in the potential as presented in Section 15 of the






for some values of the
















From the plot of the MF fermionic potentials one can notice their scattering (repulsive)























; k 2 (0;1): (17)
This equation will be studied elsewhere. Here we remark that in order to get the supersymmetric
increment in the eective potential we used only the particular solution of the Riccati equations
coming out from Eq. (10). On the other hand, it is well-known that the connection with the
Gel'fand-Levitan inverse scattering method requires the general Riccati solution [8].
In conclusion, we have presented the natural Natanzon supersymmetric structure (i.e., in the
R
0
= 0 sector) of the Maxwell sh-eye problem. In this way, we were able to introduce the
corresponding sheye scattering potentials.
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Figure Captions
Fig. 1. MF superpartners of the R
0









for l=6, 7, 8. We have plotted U
+
eff
in the region of the critical (inexion) angular number,
l
cr




=1.599. The critical l is the entry
point toward a pocket (trapping) region of U
+
eff
for l > l
cr
.
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